The non-perturbative canonical quantization of the N=1 supergravity with the non-zero cosmological constant is studied using the Ashtekar formalism. A semi-classical wave function is obtained and it has the form of the exponential of the N=1 supersymmetric extension of the Chern-Simons functional. The N=1 supergravity in the Robertson-Walker universe is also examined and some analytic solutions are obtained.
Introduction 2 The Ashtekar Formalism and the WKB wave function of N=Supergravity
In this section we present the Ashtekar formalism of the N=1 supergravity and solve the constraints. The Ashtekar formalism of the N=1 supergravity has been given first by Jacobson [6] and reformulated in more elegant form in ref [5] .
From now on we use the method of the 2-form gravity [5] . We represent the left-and the right-spinor indices as A, B, C, · · · and A ′ , B ′ , C ′ , · · ·, respectively. e AA ′ , ψ A , and ψ A ′ express the vierbein, the left-and the right-component of the gravitino, respectively. We define the 2-form fields Σ AB and χ A as
1)
Now the chiral Lagrangian of the N=1 supergravity is given as [8] :
3)
where R AB is the curvature of the anti-self-dual part of SO(3, 1) connection ω AB , D is the covariant derivative with respect to ω AB , and g and λ are the real constants. When we add cosmological term − g 2 6 Σ AB ∧ Σ AB to Lagrangian, we must add other terms appearing in L cosm [10] . λ can be regarded as the gravitational constant. Cosmological constant is given by Λ = g 2 . Ψ ABCD and κ ABC are the Lagrange multipliers by which we require the algebraic constraints Σ (AB ∧ Σ CD) = 0, (2.4) 5) where the indices between '(' and ')' are completely symmetrized, and these equations guarantee the decomposition (2.1) and (2.2) . In this paper we consider N=1 supergravity with non-zero cosmological term. The Lagrangian (2.3) has the left-and the right local supersymmetries. The left supersymmetry transformation is given by: 6) where ǫ A is the fermionic 0-form parameter. The right transformation has the peculiar form:
where the parameter η A is the fermionic 1-form parameter which satisfies the algebraic constraint
which can be solved on shell as
Now we rewrite the Lagrangian (2.3) in the canonical form. First we define the variablesπ
10)
Then the algebraic constraints (2.4), (2.5) can be written as
As is shown in the appendix, these equations can be solved as
14)
whereM A is the fermionic field of the weight -1, andÑ and N i correspond to the lapse function and the shift vector in the ADM formalism, respectively. The Lagrangian rewritten in the canonical form is
The coefficients ω 0AB , ψ 0A ,M A ,Ñ, and N i are the Lagrange multipliers and the constraints are given by
20)
The Poisson brackets between the canonical variables 1 are
, and H i are the generators of the local Lorentz transformation, the left-and the right supersymmetry transformations, the time evolution, and the 3-dim diffeomorphism, respectively. These constraints are written in the polynomials of the canonical variables and form the closed Poisson algebra under (2.22)and (2.23) [6] . Now we start the quantization. The (anti-)commutation relations are
We choose the representation in which the variables ω iAB and ψ iA are diagonalized.
26)
How we should order the operators is the serious problem in the quantum gravity. While there is some discussion to select some special ordering, we have no precise answer to this problem a priori [4] . So now we avoid this problem and simply fix the operator ordering as in (2.17)-(2.21). We redefine two 1-form fields ω AB and ψ A as
where the index i is the space index, i = 1, 2, 3. Then as we can easily see, the semi-classical solution for the constraints (2.17)-(2.21) are given by
We call this the holomorphic wave function of the N=1 supergravity. In the Einstein gravity, this type of the wave function is given in Ref [9] , and has the form of the exponential of the Chern-Simons functional. In the case of the N=1 supergravity, the part of the Chern-Simons functional is replaced by its supersymmetric extension; in fact, the functional
is invariant under the local supersymmetry transformation
32)
where the covariant derivative D is that corresponding to the connection (2.28).
In this section we consider the special case that the space-time metric is given by the Robertson-Walker metric and re-examine the discussion of the last section. The Robertson-Walker metric is given by
where the 1-form χ AB on the 3-dim space (see appendix) satisfies the structure equation 2) and N = N(t) and α = α(t) depend only on the time. In this metric the 3-dim space has the topology of S 3 .
Now we suppose that the universe is homogeneous and isotropic, and decompose the variables appearing in the theory into the parts which depend only on the time and which depend only on the space coordinates through χ AB : . The variable σ is related to α as
We assume that all the Lagrange multipliers ω 0AB , ψ 0A , M A , N, and N i (where N = √ qÑ and
See appendix.) depend only on the time. Then the general solution (2.30) is rewritten as
After integrating out the spatial coordinates, the Lagrangian has the following form:
The explicit form of the Hamiltonian H will be given in the next section after some discussion. The sets of the canonical variables are {ω, σ} , θ A , η A , and Θ ABC , Ξ ABC . The Poisson brackets between the canonical variables are
In the quantization, we replace the Poisson brackets (3.8)-(3.10) with the canonical (anti-)commutation relations;
We choose the representation in which the variables ω, θ A , and Θ ABC are diagonalized:
Using these variables, the constraint L A is rewritten as
The function (3.5) doesn't satisfy the constraint (3.17) in general. To make (3.5) have the left supersymmetry, we must set Θ ABC = 0 and Ξ ABC = 0. Then the function
satisfies the constraint (3.17) and all the remaining constraints:
21)
Thus we obtain the semi-classical wave function of the N=1 supergravity in the RobertsonWalker universe.
The Classical Limit of the Quantum Universe
Next we consider what classical universe is involved in the semi-classical wave function (3.18). Note that (3.18) has the form of the WKB wave function. In the WKB approximation, S is the classical principal function of the dynamical system. So all the informations about the classical universe involved in (3.18) will be derived from (3.19). Since S is the principal function, it must satisfy the Hamilton-Jacobi equations:
The Hamiltonian H vanishes under (4.2) and (4.3) because all the constraints vanish under these two relations. Therefore (4.1) is derived from (4.2)-(4.3) and the fact that S doesn't depend on the time explicitly. So we obtain the result that the classical universe contained in (3.18) obeys the equations (4.2) and (4.3). The constraints contained in the N=1 supergravity are all first class constraints and the Hamiltonian H is the linear combination of these constraints. Therefore all the multipliers are left unfixed. To fix these multipliers and introduce the time evolution, we must fix some gauge. Here we take the following gauge:
In this gauge the Hamiltonian is
Of course the classical solutions must obey the Hamilton equations:
where we use the relations (4.2)-(4.3). The equations (4.8) and (4.9) can be derived from the equations (4.2), (4.3), (4.6) and (4.7). The reason why we should set Θ ABC = Ξ ABC = 0 can be understood from another point of view. We can derive more general equations corresponding to (4.2), (4.3), (4.6) and (4.7) from (2.16), (2.20), (2.30) and (4.4):
12)
All the remaining Euler-Lagrange equations are derived from the above equations. In the case of the Robertson-Walker universe, (4.11) gives the following three equations by the spinorial decomposition.
The first and the second algebraic constraints can be derived from neither the Euler-Lagrange equations of (3.7) nor the Hamilton-Jacobi equations of (3.6). So when we consider the minisuperspace of the Robertson-Walker universe, these extra constraints must not appear and we must set Θ ABC = Ξ ABC = 0. Of course Θ ABC and Ξ ABC may be non-zero in the general case.
In our gauge the line element is We examine these four cases respectively. Using (4.2) and (4.3), the equation (4.8) is rewritten as dσ dτ
This equation and (4.6) contain only the bosonic parameters. When we search for the classical solutions, first we solve these two equations and obtain ω and σ. Then we use the results to solve (4.7) and (4.3). Case 1: We set σ = −r. From (4.6), ω has the form of
where c is the constant to be determined and f is the function depending only on τ . Then (4.6) and (4.19) give the following equations:
We must set c = 0 by the requirement of the consistency among the above equations. There exists only the trivial solution when c takes the non-zero value. The equations satisfied by the classical solutions in this case are:
It seems very difficult to solve these equations analytically. We have been able to find only two analytic solutions. Let us consider the case in which f 2 − f − g ′2 12 r = 0. This condition means that the gravity can be solved analytically by itself and the gravitino exists in the background of the gravity. Then the equations to be solved are
There exist two cases:
where ξ is the function of τ to be determined. In either case, r is given by
First we consider case (a). From (4.28), we have
We set ξ = 2 √ 3 |g ′ |τ . Then the inequality ξ ≥ 0 must be satisfied. The solution is
where the grassmannian constant θ 0A satisfies θ 0A θ A 0 = 0. This solution covers the region τ ≥ 0 and has the topology of the hyperbolic universe H 4 .
The case (b) gives another analytic solution which covers the region τ ≤ 0. By the similar discussion, we obtain
42)
where θ 0A θ A 0 = 0.
Case 2:
We set τ = iη, where η is a real parameter. ω is written as ω = c + if (η). Then we have
By the requirement of the consistency among these equations, we must set c = 0. Otherwise we obtain only the trivial solution. The equations to be solved are:
As is in the case1, we can obtain the analytic solution when the condition
where θ 0A θ A 0 = 0, and the universe has the topology of the sphere S 4 .
Case 3: In this case we set ω = f (τ ) + ic. Then we have
By the consistency, we obtain c = Because of this relation, there exists only one solution in this case:
This universe has the topology of the de Sitter universe dS 4 .
Case4:
We set τ = iη, σ = −r (r ≥ 0), and ω = f (η) + ic. Then we have
By the consistency we get c = 1 2 . Using this value (4.67) is rewritten as
which is inconsistent with r ≥ 0. Therefore there exists no solution in case 4. Now we examine the differential equations obtained above. If we suitably change the normalization of σ, f , θ A , and η A , we can absorb g ′ and λ ′ . So we calculate under the condition that g ′ = 1 and λ ′ = 1. Since f is the monotone increasing function of τ (or η), we may consider f as the time parameter. Since θ A and η A can be written as
69)
where F θ and F η are the c-number functions depending on f , and θ 0A and η 0A are the grassmannian constants, we calculate and plot the bosonic parameters F θ and F η under some suitable normalizations.
In the case 3, we have the analytic solution, and in the case 4, there exists no solution. So we pay attention mainly to the case 1 and the case 2. In these cases it seems difficult to solve the differential equations analytically in general, though we can find the analytic solutions in some special conditions. Therefore we resort to the numerical calculation to get the solutions, and study the nature of these solutions.
In the case 1 and case 2, using the Runge-Kutta method, we calculated the solution curves numerically. Since we set c = 1,h = 1, and G = 1, all quantities appearing in graphs are dimensionless. The fig.1 is the graph of r (case 1). Corresponding to some of these solutions (labeled by A,B,C,D,E and F), the graphs of F θ and F η are given by the fig.2 and the fig.3 . The fig.4 is the graph of σ (case 1), and the graphs of F θ and F η are given in the fig.5 ,6 (for G,H,I,and J). The solutions B,F and J are the analytic solutions. In the case 3 we draw the graph of the analytic solution ( fig.7-fig.8 ).
In these results we can see some new properties which come from the existence of the gravitino. In the case 1 we have some solutions that r → ∞ as f → ±∞ (for example B,C,..,F). We also have some solutions which seem to correspond to the compact universes (A and G), though the pure gravity solution in the case 1 has the topology of the hyperbolic non-compact universe. From fig.1-fig.3 we can see that the very rapid increase of F θ and F η may be the causes of these compactification of the universes.
There are the universes which seem to have the singularities in the first and/or the end. The scalar curvature of the Robertson-Walker universe whose metric is given by (3.1) with the lapse function N = 1 is calculated as
Using the relations 12V e 2α = σ, V = π 2 /4, and dτ = √ 3π 2 dt, we have
The graphs of the scalar curvature of the solutions A,B,C,D,E and F are given in the fig.10 , and that of G,H,I and K in the fig.11 . How we should take the direction of the physical time is the serious problem. In the analytic solutions in the case 1, we have two candidates of the time ; ξ and τ . We can take ξ as the time because the universe expands with the increase of ξ (Note that the cosmological constant of the N=1 supergravity is positive.). But we have the solutions which diverge in the limit f (or τ ) → ±∞ in the case 1, and can't decide the direction in the case 2 because all the universes in this case are compact. So we can't decide the direction of the time naively.
In this paper we considered the non-perturbative canonical quantization of the N=1 supergravity with the cosmological terms by the Ashtekar formalism. We obtained the holomorphic wave function of the universe which is given by the exponential of the N=1 supersymmetric extension of the Chern-Simons functional. We applied this wave function to the RobertsonWalker metric and found that there exist several types of the universe which contain the gravitinos. Furthermore we obtained four exact classical solutions. The gravitinos in the numerical and the analytic solutions can't be deleted by the supersymmetry transformation in general.
The N=1 supergravity in the Ashtekar formalism is the complex theory and we must consider the reality conditions (see [6] ) to take out the real solutions. In this paper we have considered the only one condition that the dreibein fields must be real. When we consider the Lorentzian (Euclidean) universe, the action must be real (pure imaginary). The reality condition about the SL(2, C) connection in the Lorentzian universe is the torsion condition, which is derived from the reality of the action:
where D is the covariant derivative which acts on both left and right spinor indices. But as can be seen easily, the action is real for the classical solution of the case 3 and pure imaginary for that of the case 2 or 3. Therefore we may think that the reality condition on the connection is satisfied. The reality condition on the gravitino is the Majonara condition. The classical solutions in this paper don't satisfy this condition in general. To obtain the real solution, we must transform the solution by the transformations corresponding to the symmetries (local Lorentz, left and right supersymmetries, 3-dim diffeomorphism, and time-reparametrization) in the theory. Since it seems very difficult to determine the parameters of the transformations explicitly and ascertain whether there exist non-trivial solutions, we leave the settlement of the problem about the reality conditions and will consider it on another occasion. In this paper we used the self-dual representation. We know another approach to the quantum gravity, which is called the loop space representation [4] . Whether there exists the corresponding representation in the N=1 supergravity is the interesting and challenging problem. In the Einstein gravity, the physical states in the loop space representation are related to the invariants of knots. It seems natural that we expect some invariants corresponding to the physical states of the N=1 supergravity.
Recently the Ashtekar formalism of the N=2 supergravity is derived [8] . We can obtain the holomorphic wave function of the N=2 supergravity as well as that of the N=1 supergravity. The study in this case is now in progress.
respectively. By these basis, we can transform the SO(3, 1) vector v a into SL(2, C) spinor as v AA ′ := v a σ a AA ′ , and the SO(3) vector u I into SU(2) spinor as u AB := u I τ I AB . We define the anti-symmetric spinors by
The spinor indices can be raised and lowered according to the conventions
Taking an adequate gauge, we fix the form of the vierbein field as follows: 6) where N and N i are the lapse function and the shift vector, respectively. Defining the 3-dim space metric q ij by q ij = e I i e Ij , the line-element of space-time is given by
Introducing the dual basis e 
